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Abstract
In this papper, a quantum dynamical model describing the quantum measurement
process is presented as an extensive generalization of the Coleman-Hepp model. In
both the classical limit with very large quantum number and macroscopic limit with
very large particle number in measuring instrument, this model generally realizes the
wave packet collapse in quantum measurement as a consequence of the Schrodinger
time evolution in either the exactly-solvable case or the non-(exactly-)solvable case.
For the latter, its quasi-adiabatic case is explicitly analysed by making use of the high-
order adiabatic approximation method and then manifests the wave packet collapse
as well as the exactly-solvable case. By highlighting these analysis, it is finally found
that an essence of the dynamical model of wave packet collapse is the factorization
of the Schrodinger evolution other than the exact solvability. So many dynamical
models including the well-known ones before, which are exactly-solvable or not, can
be shown only to be the concrete realizations of this factorizability.
—————————————————————
PACS numbers:O3.65, 11.90, O3.80.
1
1.Introduction
Though quantum mechanics has been experimently proved as a quite successful
theory, its interpretation is still an important problem that the physicist can not avoid
completely [1-4]. In order to interperate its mathematical formulism physically, one
has to introduce the wave packet collaps(WPC) postulate as an extra assumption
added to the closed system of rules in quantum mechanics. This postulate is also
called von Neumann’s projection rule or wave function reduction process. Let us now
describe it briefly. It is well known in quantum physics that, if measured quatum
system S is in a state |φ > that is a linear superposition of the eigenstates |k > of
the operator Aˆ of an observable A just before a measurement, ie.,
|φ >=∑ ck|k >, c′ks are complex numbers (1.1)
then a result of th measurement of A is one ak of the eigenvalues of Aˆ corresponding
to |k > with the probability |ck|2. The von Neumann’s postulate tell us that, once a
well-determined result ak about A has been obtained, the state of S is no longer |φ >
and it must collapses into |n > since the immeadiately-successive measurement of A
after the first one should repeats the same result. Using the density matrix
ρ = |φ >< φ| =∑
k,k′
ckc
∗
k′|k >< k′|, (1.2)
for the state |φ >, the above WPC process can be expressed as a projecton or
reduction
ρ→ ρˆ =∑ |cn|2|k >< k|. (1.3)
However, to realize the WPC, the external classical measuring apparatus must be
used to detect the result. Then, someone thinks the WPC postulate to be not quite
satisfactory since quantum mechanics is expected to be an universal theory valid for
whole ‘universe’ because the detector ,as a part of the universe, behaves classicaly
in the von Neumann’s postulate. A reasonable description of the detector should be
quantum essencially and it exhibts the classical or macroscopic features in certain
limits. If one deal with the detector as a subsystem of the closed system (universe=
the measured system S + the detector D), it is possible that the quantum dynamics
of the universe can result in the WPC through the interactions between S and D. Up
to new, some exactly-solvable models have been presented to analyse this problem
[5-10]. Among them, the Coleman-Happ (CH) model is very famous one and has
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been extensively studied in last tweenty years [5-9]. In order to describe studies in
this paper clearly, we need to see some details of this model.
In the original CH model, an ultrarelativistic particle is referred to the measured
system S while a one-dimensional array of scatterers with spin-1/2 to the detector
D. The interaction between S and D is represented by an homogeous coupling
HI =
N∑
n=1
V (x− an)σ(n)1 (1.4)
where σ
(n)
1 is the first component of Puli matrix; an is the position of the scatterer
assigned to the n’th site in the array. The Hamiltonian for D is
Hs = cPˆ (1.5)
where c, Pˆ and x are the light speed, the momentum and coordinate operators
respectively for S. This model is quite simple, but it can be exactly solved to produce
a deep insight on the dynamical description of the quantum measurement process.
Starting with the initial state
|ψ(0) >=∑ ck|k > ⊗|D > (1.6)
where |D > is pure state of D (it is usually taken to be ground state), the evalution
state |ψ(t) > for the universe =S+D is defined by the exact solution to this model.
Then, the reduced density matrix
ρs(t) = TrD(|ψ(t) >< ψ(t)|) (1.7)
of the measured system is obtained by taking the trace of the density matrix
ρ(t) = |ψ(t) >< ψ(t)| (1.8)
of the universe to the variables of D. Obviously, ρs(t) depends on the particle number
N of D. When N → ∞, i.e., in the macroscopic limit , ρs(t) → ρˆ after long enough
time t as eq.(1-2). Namely, the Schrodinger evolution of the universe=S+D leads
to the WPC for the measured system. More recently, the original CH model was
improved to describe the energy exchange between S and D by adding a free energy
Hamiltonian [9]
H0 = h¯ω
N∑
n=1
σ
(n)
3 (1.9)
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and correspondingly improving the interaction slightly. Notice that the improved
model remains exctly-solvable.
However,because the spin quantum number is fixed to be 1/2 in the original CH
model or its improved versions, they can not describe the classical characters of the
measurement. Usually, the classical feature of a quantum object is determined by
taking certain value for some internal quntum numbers of the detector D or h¯ = 0.
In the case of the angular momentum, this classical limit corresponds to infinite spin.
In a nice paper[10], this problem was analysed by using another exactly-solvable
dynamical model for quantum measurement. So it is expected that the WPC in
classical limit can be incoporated in an extensive generalization of CH model. The
first step of this paper is to establish such a generalized CH model manifeasting the
WPC as the dynamical process in the classical limit as well as in the the macroscopic
limit simultaneously. Then,it is tried to find the essence for this model subtantially
resulting in the realization of the WPC as a quantum dynamical process as well
as for those well-established ones before. To this end,we will explicitly study the
dynamics of this generalized CH model in both the exactly-solvable case and the non-
solvable case. For the latter, we will apply the high-order adiabatic approximation
(HOAA) method [11-13] to its special case that the coupling parameter depends on
the position of the measured ultrarelativistic particle quite slightly. Finally, we pont
out the possible essence in the dynamical realization of the WPC, which is largely
independent of the concrete forms of model Hamiltonians.
2.Generalization of the CH model and Its Exact Evolution Operator
Based on the original CH model, the present gneralizations are to assign an ar-
bitrary spin jn to each scatterer on one-dimensional array as the detector D and to
take an inhomogeneous coupling of the scatters to the ultrarelativistic particle as
the measured system S . In this case the spin couplings have different directions on
different sites of the array. Let
J(n) = (Jˆx(n), Jˆy(n), Jˆz(n))
be the angular momentum operator acting on the n’th site and the angular momen-
tum operators on different sites n = 1, 2, ..., N commute with each other. Then, we
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write the interacting Hamiltonian for the present generalized model
HI =
N∑
n=1
J(n).B(x− an), (2.1)
in terms of the 3-vectors B(x− an) depending on the coordinate x of S and the fixed
coordinates an of the scatterers in the spin array. As the energy-exchanging between
D and S is studied in ref.[9], we introduce a free Hamiltonian for the spin array D
HD =
N∑
n
B0(x− an)Jˆz(n), (2.2)
to distinguish the states of the detector D via energy levels. Then, we have a Hamil-
tonian
H = cPˆ +
N∑
n
J(n).R(x− an), (2.3)
for the universe =S+D where
R(x) = (B1(x), B2(x), B3(x) +B0(x)).
In the above model, because of the introduction of the arbitrary spin j , which
labels any 2j+1-dimensional irreducible representation of rotation group SO(3), we
are able to consider the behaviours of the quatum dynamics governed by this model
Hamiltonian in the classical limit with infinite spin j. It will be proved that, like in the
macroscopic limit with infinite N, the quantum dynamical evolution of the universe
also lesads to the WPC for the measured system in the classical limit. The reason
that the limit with infinite j is called of classical is that the mean squre deviations of
the components Jˆx, and Jˆy possess the limit feature[17]
∆Jˆx
j
=
∆Jˆy
j
=
1√
2j
→ 0, as N → 0.
To solve the dynamical evolution of the universe=S+D exactly, the polar coordi-
nate (R, θ, φ) for the space {R} of the coupling parameter :
R = R(sinθcosφ, sinθcosφ, cosθ)
is introduced where
R(x) =
√
B21(x) +B
2
2(x) + (B0(x) +B3(x))
2,
tgθ(x) =
√
B21(x) +B
2
2(x)
B3(x) +B0(x)
, (2.4)
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tgφ(x) =
B2(x)
B1(x)
.
Notice that the functions R, θ, and φ usally depend on x through the coupling para-
maters R. According to the quamtum rotation theory,the interaction Hamiltonian
HI can be rewritten as
HI = S(θ, φ)
+
N∑
n=1
RnJˆ(n)S(θ, φ), (2.5)
where
S(x) = S(θ(x− an), φ(x− an)) =
N∏
n=1
e−iJˆz(n)φ(x−an)/h¯e−iJˆy(n)θ(x−an)/h¯, (2.6)
is a globle rotation of the spin array generated by the local rotations
Sn(x) = e
−iJˆz(n)φ(x−an)/h¯e−iJˆy(n)θ(x−an)/h¯ (2.7)
for each sites. Latter on ,we will shows that it is just this factorization of the Hamil-
tonian that leads to the WPC in quantum measurement through the factorization of
the evolution operator .
For the evolution operator U(t) of the universe satisfying the Schrodinger equation
with the Hamiltonian (2.3), we introduce the ‘interaction’ picture by
U(t) = e−ictPˆ /h¯Ue(t), (2.8)
where e−ictPˆ is the generator for the coherent state as Gaussian wave packet [17]. In
this picture, the reduced evolution operator obeys an time-dependent Schrodinger
equation
ih¯
∂
∂t
Ue(t) = He(t)Ue(t), (2.9)
with the time-dependent Hamiltonian
He(t) =
N∑
k=1
hek(t) =
N∑
k=1
J(n).R(x− an + ct), (2.10)
Notice that the Schrodinger equation governed by the Hamiltonian H is exactly-
solvable only for the hamornic case with
θ(x) = constant θ, R = constant
φ(x) =
ωx
c
, ω = a real constant (2.11)
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To solve the equation (2.9)in this exactly-solvable case, we use the Rabi-Ramsy-
Schwinger’s rotating coordinate techanique . We carry out the transformation on
Ue(t)
Ue(t) = W (t)UR(t) =
N∏
n=1
e−iJˆz(n)
ω
c
(x−an+ct)/h¯UR(t), (2.12)
Here ,the rotated evolution operator UR(t) is governed by the rotated Hamiltonian
HR = W (t)
−1He(t)W (t)− ω
N∑
k=1
Jz(n)
=
N∑
n=1
R[Jˆx(n)sinθ + Jˆz(n)(cosθ − ω
R
)] (2.13)
Notice that this is time-independent Hamiltonian.
In terms of
Ω = R
√
1 +
ω2
R2
− 2cosθ ω
R
, (2.14)
sinα =
Rsinθ
Ω
,
we rewrite the above rotated Hamiltonian as
HR =
N∑
n=1
Ω[Jˆx(n)sinα + Jˆz(n)cosα]
= Ω
N∑
n=1
e−iJˆyα/h¯Jˆz(n)e
iJˆyα/h¯. (2.15)
From the above expression for HR , the rotated evolution operator UR(t) follows
immediately
UR(t) = e
−iHRt/h¯ =
N∏
n=1
e−iJˆyα/h¯e−iΩJˆz(n)/h¯eiJˆyα/h¯. (2.16)
Therefore,the evalution operator for the universe
U(t) = e−ictpˆ/h¯
N∏
n=1
e−iJˆz(n)
ωx
c
(x+an+ct)/h¯e−iJˆyα/h¯e−iΩJˆz(n)/h¯eiJˆyα/h¯ (2.18)
finally is obtained from the the above eqs.(2.8,2.12,2.16).
Here, we should remark that the exact solvability of the above generalized CH
model mainly depends on the harmornic form of the function R(x) of x. If it is not
hamornic, the above method can not work well and certain approximation methods
should be used to deal with the evolution operators approximitely in various cases.
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If the coupling function B(x) depends on x quite slightly and then the measured
ultrrelativistic particle may move so slowly that the spin states of the scatterer in the
detector can be excited hardly, the adiabatic (Born-Opppehimer) approximation or
its generealization can make sense for the problem. Thereby, the Berry’s geometric
phase[14,15] and the corresponding induced gauge field can be incorportated in this
dynamical model of the WPC for the quantum mesurement in the adiabatic cse.
3. Dynamical Realization of Wave Packet Collapse :Exactly-Solvable
Case
To consider the dynamical realizabilty of the WPC in the above model for quantum
measuremet, we consider an ideal double-slit interference experiment. Let a coherent
beam of the ultrarelativistic particles be split into two branchs represented by the
wave functions | ψ1 > and | ψ2 > respectively. In the same time , the detector is
assigned to its ground stete
| 0 >=| j1, m1 = −j1 > ⊗ | j2, m2 = −j2 > ⊗... | jN , mN = −jN >, (3.1)
where |jk, mk > (k = 1, 2, ..., N) are standard angular momentum states. The
choise of ground state is required by the stable measurement D. Like the authors in
refs.[5-9], we also suppose that only the second branch wave | ψ2 > interacts with D.
Starting with the initial state
| ψ(0) >= (C1 | ψ1 > +C2 | ψ2 >)⊗ | 0 > (3.2)
where
|C1|2 + |C1|2 = 1,
the evolution operator (2.18) defines the evolution stete at an instant t in the ‘inter-
action ’ picture with the ‘interaction ’ HI +HD
| ψ(t) >= C1 | ψ1 > ⊗ | 0 > +C2 | ψ2 >])⊗ Ue(t) | 0 >, (3.3)
Then,we get the corresponding desity matrix
ρ(t) = |ψ(t) >< ψ(t)| = |C1|2|ψ1(t) >< ψ1(t) | ⊗ | 0 >< 0 |
|C2|2|ψ2(t) >< ψ2(t) | ⊗Ue(t) | 0 >< 0 | Ue(t)+
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+C1C
∗
2 | ψ1(t) >< ψ2(t) | ⊗Ue(t) | 0 >< 0 |
+C2C
∗
1 | ψ2(t) >< ψ1(t) |) | ⊗ | 0 >< 0 | Ue(t)+. (3.5)
In the problem of WPC, because we are only intereset in the behaviors of the system
S and the effect of the detector D on it, we only need the reduced density matrix for
S
ρ(t)S = TrDρ(t) = |C1|2 | ψ1(t) >< ψ1(t) | +|C2|2 | ψ2(t) >< ψ2(t) | +
(C1C
∗
2 | ψ1(t) >< ψ2(t) | +C2C∗1 | ψ2(t) >< ψ1(t) |) < 0 | Ue(t) | 0 >, (3.5)
where TrD represents the trace to the variables of the detector .
Obviously, under a certain conditions to be determined , if the vacuum- vacuum
transition amplitude < 0 | Ue(t) | 0 > vanishs for the detector D, the coherent terms
in eq.(14) vanish and thus the quantum dynamics automatically leads to the wave
function reduction,
ρ(t)S → ˆρ(t) = |C1|2 | ψ1(t) >< ψ1(t) | +|C2|2 | ψ2(t) >< ψ2(t) | . (3.6)
Namely, the WPC occurs as quatum dynamical process under these conditions !
Now, let us prove that these conditions are just the macroscopic limit and the
classical limit,which respectively correspond to the cases with very large particle
number N and very large quantum number jn. To this end, we evolute the norm
of vacuum-vacuum transition amplitude < 0 | Ue(t) | 0 >. Using the the explict
expression of d-function
djm,m′(α) =< j,m|e−iJˆy(n)/h¯|j,m′ >,
we have
| < 0 | Ue(t) | 0 > | = |
N∏
n=1
jn∑
mn=−jn
djn−jn,mn(α)d
jn
mn,−jn(−α)e−imnΩt|
= |
N∏
n=1
jn∑
mn=jn
(2jn)!
(jn +mn)!(jn −mn)!(cos
2α
2
)jn−mn(sin2
α
2
)jn+mne−imnΩt|
=
N∏
n=1
|cos2α
2
e−iΩt + sin2
α
2
|2jn,
that is,
| < 0 | Ue(t) | 0 > | = |
N∏
n=1
(1− sin2Ωt
2
sin2α)|jn, (3.7)
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The above formula is a main result of this paper , which directly manifests the
WPC in the classical and macroscopic limits. Let us now go into some details for
this conclusion. Notice that in a nontrivial case, Ω, α 6= 0 and so
|1− sin2Ωt
2
sin2α|
is usually a positive number less than 1. Thus, in the classical limit with jn → ∞
mentioned before,
| < 0 | Ue(t) | 0 > | → 0, as jn →∞.
This means < 0 | Ue(t) | 0 >→ 0, as jn →∞, that is to say, the WPC occurs as a
quantum dynamical process in classical limit! This is just what we expected. Then,
we reach a concise statement that if the detector behaves classically,but need not to
behave macroscopically,the WPC can be dynamically realized in the measurement.
The classical detector was required as a purely classical object before, but here it
is proved to be a classical limit of a quantum object and the quantum mechanics
can work well on it for quantum measurement. We should also stress on that the
macroscopic limit with very large N is not necessary for the WPC. So long as the
detector is in classical limit, the WPC still appears as a dynamical evolution even
for small N.
Now, we turn to discuss the macroscopic limit behaviours of the problem in details.
In eq.(3.3), let us defined the positive number ∆n(t) by
e−∆n(t) = [1− sin2αsin2Ωt
2
)]jn ≤ 1, (3.8)
Then,
| < 0|Ue(t)|0 > | = exp[−
N∑
n=1
∆n(t)], (3.9)
Usually, ∆n(t) is a non-zero and positive and thus the series
∑∞
n=1∆n(t) diverges to
infinity, that is to say, < 0|Ue(t)|0 > as well as its norm approach zero as N → ∞.
This just shows that the WPC can be realized as a quantum dynamical process for
the generalized CH model in the macroscopic limit .
4.Adiabatic Approximation for Non-solvable Case
As most of the previous studies about the dyanamical realization of the WPC
for quantum measurement, the above discussions in this paper only concern an ex-
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tremely idealized case that the model is exactly-solvable. So it seems that the exactly-
solvability is necessary for this problem. However, it is not true really. We will observe
that the WPC can also happen in the non-solvable case of the above generalized CH
model. In such case, the parameter R(t) is not harmonic and so some approximation
methods are needed to probe the evolution of the universe =S+D. As an example of
non-solvable model, the adiabatic case that the parameter R(x + ct − an) in He(t)
depends on time ‘slightly’ will be used to illustate the above-mentioned onservation.
Because the quasi-energy state of He(t) can hardly be excited by the variation of
He(t) as t in this case, the so-called high-order adiabatic approximation (HOAA)
method in connection with Berry’s geometric phase [14,15] can effectively be em-
ployed to this end. This method was recently developed by this author [11-13] and
now reformulated in the evolution operator form in the appendix.This refoemulation
of the HOAA method is quite convenience for the appplication in this paper.
Defining the functions
fn(t) = f(x− an + ct)
for f = R, θ, φ, etc., we first factorize the effective evolution operator Ue(t) into
Ue(t) = S(t)U
′(t) =
N∏
n=1
e−iJˆz(n)φn(t)/h¯e−iJˆy(n)θn(t)/h¯U ′(t) (4.1)
according to the HOAA method. Then, in the equivelent Hamiltonian goverening
U ′(t)
H ′(t) = H0(t) + V (t) :
H0 =
N∑
n
[Rn(t)− cosθn(t) ∂
∂t
φn(t)]Jz(n), (4.2)
V (t) =
N∑
n
[− ∂
∂t
θn(t)Jy(n) + sinθn(t)
∂
∂t
φn(t)Jˆx(n)] (4.3)
can be regarded as pertubation. The standard pertubation theory detemines the
first-approximate evolution operator
U ′0(t) =
N∏
n=1
e−i
∫ t
0
Rn(t′)dt′/h¯e−i
∫ t
0
cosθn(t′)
∂
∂t′
φn(t′)dt′ Jˆz(n)
=
N∏
n=1
e−i
∫ t
0
Rn(t′)dt′eiγn(t)Jz(n), (4.4)
which describes the geometric feature of the evolution in terms of the Berry’s phase
γn(t) = −
∫ t
0
∂
∂t′
φn(t
′)cosθn(t
′)dt′, (4.5)
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When the parameter R is subject to a cyclic evolution that R(0)=R(T), the Berry’s
phase
γn(T ) =
∫ 2pi
0
[1− cosθn]dφn, (4.6)
is just a solid angle spanned by the closed corve traced by the parameter R. To
consider whether the WPC happen or not for the adiabatic evolution, we explicitly
calculate
| < 0|Ue(t)|0 > | =
N∏
n=1
| < 0|e−iJˆy(n)θn(t)/h¯|0 > |
=
N∏
n=1
|djn−jn,−jn(θn(t)|2jn =
N∏
n=1
|cos(θn(t)/2)|2jn. (4.7)
By the proof similar to that in last section,we see that | < 0|Ue(t)|0 > | → 0 as
N → ∞.Namely, even in a non-solvable case ,the generalized CH model sill realize
the WPC quantum dynamically for the adiabatic evolution.
Furthermore, let us prove that it does so for the non-adiabatic evolution. In fact,if
the the parameter R does not changes slowly eneough, the adiabatic condition
|h¯ ∂
∂t
φn(t)/Rn(t)|, |h¯ ∂
∂t
θn(t)/Rn(t)| ≪ 1, (4.8)
we ,at least ,consider the second order approximation
U ′e(t) = U
′
0(t)[1 + U
′
1(t)] = U
′
0(t)
N∏
n=1
[1 + U ′n1 (t)]
=
N∏
n=1
e−i
∫ t
0
Rn(t′)Jˆz(n)dt′/h¯e−i
∫ t
0
cosθn(t′)
∂
∂t′
φn(t′)dt′Jˆz(n)
{1 + 1
ih¯
∫ t
0
U ′0(t)
†[− ∂
∂t′
θn(t
′)Jˆy(n) + sinθn(t
′)
∂
∂t′
φn(t
′)Jˆx(n)]U
′
0(t)dt
′}, (4.9)
Because of the cut-off in the Dyson series for the approximate evoulution operator,
the unitarity of evoulution operator is broken and so its leaded evolution state is
not normalized to unity. Thus, when we calculate the vacuum-vacuum transition
amplitude < 0|U ′e(t)|0 > , we should first renomalized it . Let us by U˜ ′e(t) denote the
renormalized evolution operator defined by
U˜ ′e(t)|φ >=
U ′e(t)|φ >
< φ|U ′e(t)†U ′e(t)|φ >
. (4.10)
for any state vector |φ >. This renormalization results in reasonable vacuum-vacuum
transition amplitude satisfying
| < 0|U˜ ′e(t)|0 > | = |
< 0|U ′e(t)|φ >
< 0|U ′e(t)†U ′e(t)|0 >
|
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= |
N∏
n
< jn,−jn|U ′n1 (t)|jn,−jn >
< jn,−jn|U ′n1 (t)†U ′n1 (t)|jn,−jn| >
|. (4.11)
As the formula given by eq.(4.11), the above equation also explicitly defines the
dynamical realization of the WPC in the classical limit with N →∞. Here, we have
taken it into account that
| < jn,−jn|U
′n
1 (t)|jn,−jn >
< jn,−jn|U ′n1 (t)†U ′n1 (t)|jn,−jn >
| ≤ 1, for n = 1, 2, ...N. (4.12)
Based on the above discussions on the first- and second -order approximations,
we guess that the WPC can be realized in arbitrary order approximation. Trying to
prove this guess,we find some essential properties related to the WPC closely in next
section.
5. Comments on Essence of Dynamical realizability
Including the above discussion in this paper, the previous investigatons on the
dynamical realization of the WPC in terms of quantum dynamical models only pro-
ceeded with the concrete form of the model Hamiltonians, especially of the interac-
tions betwen S and D. It seems that the dyanamical realizablity of WPC depends
on the choice of concrete forms of interaction . However, motivated by the above
discussions, we will shows a more universal fact that it is the factorizability of the
evolution, other than its exactly- solvability, that leads to the WPC in quantum mea-
surement. Now, let us describe what is the factorization of the evalution. Let x and
p be the cooordinate and momentum operator of the measured system respectively;
xn(n=1,2,...,N) be the variables for the measuring instrument. Usually, the evolution
operator U(t, p, x, xi) for the universe =S+D depend on x, p and xn(n=1,2,...,N). If
this operator can expressed as the following factorizable form
U(p, x, xi) = Us(p, x, t)
N∏
n=1
U [n](x, xn, t), (5− 1)
then we say that the evolution characterized by U(t, p, x, xi) is factorizable. Here,
Us(p, x, t) is the evolution operator of D in absence of the interaction with the detector
D and the unitary operator U [n](x, xn, t) only depend on xn and x for fixed n. In this
case, the reduced density matrix of S for the above mentioned double- slit interference
experiment in the ‘interaction’ picture is obtained as
ρ(t)S = TrDρ(t) = |C1|2 | ψ1(t) >< ψ1(t) | +|C2|2 | ψ2(t) >< ψ2(t) | +
13
[C1C
∗
2 | ψ1(t) >< ψ2(t) | +C2C∗1 | ψ2(t) >< ψ1(t) |)] < 0 | Ue(t) | 0 > . (5− 2)
where
| 0 >=| 01 > ⊗ | 02 > ⊗... | 0N >,
| 0k > is the ground state of each single particles in D.
Because
| < 0k | U [k](t) | 0k > | = [1−
∑
n 6=0
|< n | U [k] | 0k > |2]1/2 ≤ 1, (5− 3)
for the possitive function
∆k(t) = −ln(| < 0k | U [k] | 0k > |),
the series
∑∞
k=1∆k(t) diverges to infinity. That is to say, < 0|Ue(t)|0 > as well as its
norm
| < 0|Ue(t)|0 > | =
N∏
k=1
| < 0k | U [k] | 0k > | = exp[−
N∑
k=1
∆k(t)], (5− 4)
approach zero as N → ∞. Then, the WPC appears in the macroscopic limit. If
we can incoporate a quantum number Jn into U
[n](x, xn, t) such that ∆k(t)→∞ as
N →∞. When Jn enjoys the classical limit at Jn =∞, like the spins jn in this paper,
the WPC also occurs in this limit as a quntum dynamical process. Therefore, we
conclude that the essence of the dynamical realizability of WPC is the factorization
of the evolution operator for the appreciated model of quantum measurement.
Naturally, the succeeded question is what is the general form of the model Hamil-
tonian which can realize this factorizable evolution. The answer is that the Hamilto-
nian should be decomposable in certain sense. The following Hamiltonian sufficiently
enjoys the answer
H = H0 +H
′ = H0 +HI +HD :
HI =
N∑
k=1
Vk(x, xk), HD =
N∑
k=1
hk(xk), (5− 5)
Here, the measurd system S is sill represented by an ultrarelativisic particle with the
free Hamiltonian H0 = cPˆ , but the detector D is made of N particles with quite
general single-particle Hamiltonian hk(xk), (k = 1, 2, ..., N) which is Hermitian. S is
assumed to be independetly subjected to the interaction Vk(x, xk) of each particle k.
Here,x and xk are the coordinates of S and the single particle k in D respectively and
the k’th interaction potential Vk(x, xk) only depeds on x and xk and hk(xk) on the
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single particle variable xk . To prove the above statement, we take the transformation
(2.8). Then the reduced evalution operator Ue(t) obeys an efficvive Schrodinger
equation with the effective Hamiltonian
He(t) =
N∑
k=1
hek(t) =
N∑
k=1
[hk(xk) + Vk(x+ ct, xk)], (5− 6)
depending on time. Since He(t) is a direct sum of the time-dependent Hamiltonians
hek(t) (k=1,2,...,N) parameterized by x, the x-depenedent evolution operator, as the
formal solution to the effictive Schrodinger equation,
Ue(t) =
N∏
k=1
⊗U [k](t) = U [1](t)⊗ U [2](t)⊗ ....⊗ U [N ](t), (5− 7)
is factorizable, that is to say, Ue(t) is a direct product of the single-particle evalution
operators
U [k](t) = ℑexp[(1/ih¯
∫ t
0
hek(t)dt], (5− 8)
where ℑ denotes the time-order operation. As proved in as follows, it is just the
above factorizable property of the reduced evolution operator that results in the
quantum dynamical realization of the WPC. Notice that some results of this section
was announced by this author more recently [16].
Before concluding this paper, we shall give some remarks on the results and method
of this paper. We first point out that this paper emphasizes the unified desciption of
classical limit and macroscopic limit for quantum mesurement. Because the macro-
scopic phenomenona in quantum mechanics can not be identified with those classical
ones completely (e.g, the magnetic flux quantization is a macroscopic quantum phe-
nomenon, but it is not definitely classical), it is quite necesarry to distinguish between
these two cases. We should also remark that ,in practical problems, there must exist
interactions among the particles constituting the detector D, but in the present dis-
cussions there is not interactions among the particles in the detector. We understand
it as an ideal case. How to realize the quantum measurement both for the WPC
in the interaction case is an open question we must face. It is expected , at least
for some special case , that the certain canonical (or unitary)transformation possibly
enable these particles to become the quasi-free ones. This is just similar to the the
system of harmonic osscilators with quadric coupling. In this case, we can imagine
that the detector is made of free quasi-particles that do not interact with each other.
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Appendix:
Reformulation of the High-Order addiabatic Approximation Method
In order to use it in this paper conveniently, we now reformulate the the high-order
adiabatic approximation (HOAA) method in refs.[11-13] in a general form , which
can work well on the evolution operator for both the Hermitian and non-Hermitian
Schrodinger time evolutions.
Let the Hamiltonian He(t) of the quantum system depend on time t through a set
of the slowly-changing parameters R(t) = (R1(t), R2(t), ..., RK(t)). We also assume
the quasi-energy levels Ek(t) (k=1,2,...K) of the time-dependent Hamiltonian H(t) =
H [R(t)] for a frozen time t are not degenerate. Diagonalize H(t) by a similarity
transformation S(t) = S[R(t)] in the following way
S(t)He(t)S(t)
−1 = Hd(t) =


E1(t) 0 ..... 0
0 E2(t) ..... 0
... ... ..... ...
0 0 ..... EK(t)


. (A− 1)
The correponding quasi-energy state to Ek(t) (k=1,2...,k)is denoted by |k(t) >.
If we detemine a solution of the Schrodinger equation of evolution operator Ue(t)
governed by He(t) as the following form
Ue(t) = S(t)U
′(t), (A− 2)
then U ′(t) obeys the Schrodinger-type equation
ih¯
∂
∂t
U ′(t) = H ′(t)U ′(t), (A− 3)
where the the equivalent Hamiltonian
H ′(t) = Hd(t)− ih¯S(t)−1 ∂
∂t
S(t) (A− 4)
can be decomposed into the diagonal part
H0(t) = Hd(t) + diagonal part of [−ih¯S(t)−1 ∂
∂t
S(t)] (A− 5)
and the off-diagonal part
V (t) = off − diagonal part of [−ih¯S(t)−1 ∂
∂t
S(t)]. (A− 6)
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Physically, since V(t) completely vanishes when H(t) is independent of time , we
deduce that V(t) is a pertubation in the case that H(t) depends time quite ‘slightly’.
Leter on , we will give the analystic condition that V(t) can regarded as a pertubation.
Then, the adiabatic Dyson series solution of U ′(t)
U ′(t) = U ′0(t)[1 +
∞∑
k=1
U ′k(t)] :
U ′0(t) = e
−i
h¯
∫ t
0
H0(s)ds (A− 7)
U ′k(t) = (
−i
h¯
)k
∫ t
0
∫ s1
0
∫ s2
0
...
∫ sk−1
V¯ (s1)V¯ (s2)...V¯ (sk−1)V¯ (sk)ds1ds2...dsk−1dsk
immeadiately follows from the standard time-dependent pertubation theory. Here,
V¯ (t) = e
i
h¯
∫ t
0
H(s)dsV (t)e
−i
h¯
∫ t
0
H(s)ds (A− 8).
The first order approximate solution U ′0(t) can be decomposed into the dynamical
factor


e−i
∫ t
0
dt′E1(t′)/h¯ 0 ..... 0
0 e−i
∫ t
0
dt′E2(t′)/h¯ ..... 0
... ... ..... ...
0 0 ..... e−i
∫ t
0
dt′EK(t
′)/h¯


(A− 9)
and the geometric factor

ei
∫ t
0
dt′A1(t′) 0 ..... 0
0 ei
∫ t
0
dt′A2(t′) ..... 0
... ... ..... ...
0 0 ..... ei
∫ t
0
dt′AK(t
′)


(A− 10)
where
An(t) = i < n|S(t)−1 ∂
∂t
S(t)|n > (A− 11)
and each diagonal element in the above matrix is just the Berry’s phase factor
γn(t) =
∫ t
0
An(s)ds = i < n|
∫ t
0
S(s)−1
∂
∂s
S(s)ds|n > . (A− 12)
In terms of the concept of differential manifold, this phase can be rewriteen as a curve
integral
γn(t) = γn[R(t)] =
∫
R(t)
Aµ[R]dR
µ (A− 13)
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of the one-form Aµ[R]dR
µ :
Aµ[R] = i < n|S[R]−1 ∂
∂Rµ
S[R]|n > (A− 14)
on the parameter manifold
M = {R = (R1, R2, ..., RK)|Ri ∈ real number field, i = 1, 2, ...K}.
In this sense, the Berry’s phase factor eiγn[R(T )] can be understood as an element of
the holonomy group for a closed parameter curve C : {R(t)|R(0) = R(T )}.
Because the transformation S[R] diagonalizing He(t) is not unique,i.e., S
′[R] =
S[R]X [R] also diagonalizes He(t) if matrix X [R] commuts with He(t). This means
that state vectors ¯|n[R] > = (S[R]X [R])−1|n > as well as |n[R] >= (S[R])−1|n >
are the instanteneous eigenfunctions of He[R(t)]. The above indeterminecy of S[R]
results in the gauge transformation
Aµ[R]→ A′µ[R] = Aµ[R] + i < n|X [R]−1
∂
∂Rµ
X [R]|n > . (A− 15)
From the second order approximation
U(t)′ ≃ U ′0(1)[1 + U(t)′1] = e
−i
h¯
∫ t
0
H0(s)ds[1− i
h¯
∫ t
0
V¯ (s)ds], (A− 16)
we observe that the adiabatic condition,under which the adiabatic approximation
solution U ′0(t) work well,is
| h¯ < n|V (t)|m >
En(t)− Em(t) | ≪ 1. (A− 17)
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